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Problem 1: Charge Density and D in Cylindrical Coordinates [+40
pts]

In a certain region of space, the charge density is given in cylindrical coordinates by
the function:

pu(r, ¢, 2) = 10722 [C/m?’] (1)

We start with the integral form of Gauss’s Law for the electric flux density D:

P(’,¢.:) < 08

fﬁdg’:@. (2)

We can evaluate both sides independently and then recombine at the end. First, we can solve for
the left side of the equation by enclosing the charge density p, in a cylindrical Guassian surface:
ds = rrd¢dz. This can be done by the following;:

7{5~d§ = //|D\f'-(frd¢dz),
]D|r/027rd¢/0Ldz,

= [Dlr(2m)(L) = [D|(27rL). (3)

Now that the left side has been solved, we can move on to solving for the enclosed charge Q. Again,

we will use the same Guassian surface to enclose the volumetric charge density p,:

Q - /pvdv,
y

r’ 2m L
= / Dol dr/ dgf)/ dz,
0 0 0

/ /

T T
= 207rL/ (r’e ) rdr = 207‘[‘L/ e dr. (4)
0 0

Note: I use " here to show that there is a difference in the integration variable and the value

r’. However, I will drop this moving forward to minimize complexity of the integral. This integral
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requires several iterations of integration-by-parts:

3 _—2r |7 r 2 _—2r
— 3
0 = zm(w +/ rle dr),
o Jo 2

2
3, 2r T -3 2, —2r|T T3 —2r
- 207rL< re | 4 re +/ re dr),
2 |, i,k 2
_ 3, 2r |7 -3 2,—2r |7 -3 —2r |7 T3 —2r
:207TL< roe N r’e N re +/ e dr),
2 |, 1, T O
_ 90nL (—7“36_27" " N —3rZe2r|" N —3re2r|" N —3e~ 2" T) .
0 4 0 4 0 8 o

Now, we can evaluate each term.

3 2
- -3 -3 -3 3
Q = 20rL <27‘627 + Trefw + Tre*% + §672T + 8> )
3 (43 +6r2+6r+3)e
_ 20wL<8—(T+Tgr+ Je > (5)

We have both sides of Gauss’s Law solved for and can substitute them back in.

3 (43 +6r2+6r+3)e %
ID|(27rL) = 207TL<8—(T i TJ;TJF Je )

10 /3 (473 4 612 4 6r + 3)e™ 2"
Dl = F(5- g . ©)

r

And expressing the electric flux density as vector where D = |D| 7, we arrive at the solution:

. 1 43 2 —2r
D:r()(:_(r + 67 +86r+3)e )72 (C/m?]. 7)

Problem 2: Electric Dipole [+30 pts]

Two equal and opposite point charges, ¢ and —¢, are located at (0,0, %) and (0,0, —g)
respectively, as shown in the figure below. This arrangement is known as an electric
dipole. Use first-order Taylor expansions to show that the total electric field due to
this electric dipole at very large distances from the origin as compared to the dipole
separation, d, is given approximately by:

qd

~ m@ cos(A) R + sin(0)0)
0

—
First, consider the individual contributions of each charge at the point R. Define new vectors R

—
and R_ for the positive and negative charges respectively.
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The total field is the superposition of the fields due to +q and -q:

o U SR B SR

47eg |ﬁ+|3 B 4deg |}Tj|3
_ q ﬁJr . ﬁ,
dmeo \|BLfP |E_p

Now we can evaluate the magnitudes |ﬁ+| and |ﬁ,| so we can rewrite the expression:
— o d d\* . d-
[Ri|=|RR - 52| = \/R2 + <2) ~2R R %

\/ R? — RdR - 2 Using the approximation R >> d (10)

d -
=R 1—§R-2

R

Now using the Taylor series first-order expansion

l—le—g for z <<'1 (11)
d . d
H.|=R(1 - S5l =R (1 - 2Rcos(9)> (12)
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Similarly

H_| = R(1 + %R 2)=R (1 + % cos(9)> (13)

Using the Taylor series expansion for

3 ~ —
(1 + m) s
ﬁ+ . ﬁ, ~ i 5 SZA ﬁ ] B . g . _3d
|§+’3 \ﬁ_|3 X 7 ((RR 2z)(l + 5 cos(f)) — (RR+ 22)(1 cos(G)))

1 3d R (14)

~—|R(R+ —cos(d) — R+ —cos(f) | + 2(—d)
R3 9
1 - A

~ 7B <3d cos(f)R — dz>

Thus, the full expression for the field is:
B=-L = (Sd cos(A)R — dé) = _ad (3 cos(0) R — 2) (15)
dmeg \ R3 4dmeg R3

But we know that 2 = COS(H)R — sin(@)é, allowing us to further manipulate to complete radial

coordinates and to match the equation we are trying to derive.

Faipoie(R.0) = 47ij33 (2¢0(6) 2 + sin(6)d) (16)
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Problem 3: Charge Distribution Electric Field [+30 pts]

A very long, thin cylindrical shell of radius ' = 3 meters in free space has a surface

charge density equal to +5 C/m? (p, = +5%), as shown in the figure below:

A

]

MN——1

,L/ Surface charge
ps =5 C/m?

cylinder radius
- 4Nl' '=3m

a Obtain the electric flux density (B) (magnitude and direction) inside the cylinder
(for ' < 3m). Plot and label the electrical field, E, for this region. (2pts)

Inside the cylinder, we choose our Gaussian surface to be a cylinder with r < 7/ such that all

field components are either parallel or perpendicular to the chosen surface. Recall the integral

fﬁ . d? _ Qenclosed (17)
€0

form of Gauss’s Law:

Where here the amount of charge enclosed by our surface is 0, so

jq{ﬁ.d?:o (18)

And we also know E . dz = 0 for the top and bottom caps of the cylinder, since they are
perpendicular. Calculating the flux through the sides of the cylinder:

/B-d?:]f|/ds:]§]r2ﬂl:Qen€Cmed:O (19)

0
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Therefore we have E = 0 inside the cylinder and since we are in free space, the constitutive

D=cqE=0—= D=0 (20)

Plotting ﬁ in this region, in Fig. 1 below, it is clear that the overlapping field lines (represented

relation tells us

by the arrows) will cancel out by superposition inside the cylinder

Cylinder XY Cross Section
4 T T T T T

Figure 1: The ﬁ inside the cylinder. For every E line pointing towards the center, there is an

equal and opposite field line to cancel it out.

b Obtain the electric flux density (B) (magnitude and direction) outside the cylin-
der (for " > 3m). Plot and label the electrical field, E, for this region. (2pts)

Outside, we choose our Gaussian surface to be a larger cylinder with radius » > /. Again,
the field lines (radial) are parallel to the caps, so we only need to calculate the flux through

the side wall where the field lines are perpendicular to the Gaussian surface.

/ﬁ . d? _ Qenclosed (21)

€0
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Where Qenclosed 1S now the total charge on the cylindrical shell (i.e. the surface charge density

times the surface area) and thus

Qenclosed = (Ps)(QTFT/l) =107l C (22)

So our equation becomes

/ﬁ AT - 1077’1 (23)

€0
107"l
|E| / ds = O (ﬁ 1 dseverywhere for walls) (24)
€0
1077’1
|B|(2nir) = 227 (25)
€0

B1=2 (%) (26)
f:]E\f:5<T)f (27)
>ﬁ (28)

We plot E in this region, in Fig. 2 below. As the fields separate, the magnitude of E

decreases.
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Figure 2: The f outside the cylinder.



